q/lézozs

F Math Symmetry
The Symaetry Prncipk
9 e £:X—=Y S:X->X £(Samy)=r
c . + So x¥ R a Siln =>
s f\F*Y ::'(Sm) oo Vx LRy ] = SiEA e
1t 5 (x*)=r x* 3 sn Thas S(x) =
\f L S E = {"4(,-) set of Stlutdns ( the Set of Z‘lﬂs{
Maggat 1o itself by S )
NOTE (£ (Sen) = fex> ¥ x * 1€ th SUn 3 known 1
p b be un‘\% then Sx* = x*
thn £(Stsx) = £(sem) = $ex) o SAE
. (x* 6 Fix(S)) This cen
Thus for any k2o f(Sto) = fuo Cacbl us fo Lnow som prpties
If S exists, lev y= S Of Xx* by ifs Muanusa wieS
thn £(S = o) e

¢‘P($S'('x)) = 'F(S.‘X) Thus the Sam hatds ¥ S"e(S) gyclo}. Sn::S

foo o
[;Ioﬂu\! Said about S Beﬁj a linear map yet alf‘\«ﬂ‘\ GSMJ MT

cheese Such an S

. ik §f:R—R
e ‘”3 x —>3xt+ ba's cx?
e Seek 1o Salwe '?(‘X,) =r [m lots ik « honz (ne qal‘

=0,
55‘(.‘ { B ih\m.nh'l aﬂ‘b ‘fh uF’ec’m Sct)s -x Sff-%R
‘F (S(x)) = 3(-x) + b('&)q + c(—x)a = fix) [f.ln r.r}
Then of F(‘x’) sr So does f(ng) = f(-x') . B = "%
D s th set of inkrsectn pts fir a gm yor line S(Z)=Z oy
A aw x* 3 not Mmapped fo itself untless x* w-%x¥ 1re. x¥=0 asdummdvr;
[ odd polys commup ltal
f: R"—;Rz L %l'*d i
+
5,9y > X *Q cxd -5nb&| Actually, | just have
This s invaciant under th Set of Mas Sp =l cu6 cosO|  Tomtims hew: SO@)
£(Setny) = Femg) ¢ Ths 3 th Le 6y O) 2

IR S , A |
; =ty - Ty + S+ S TSR ey \ o

= (c‘+s‘)zx‘ ¢ (c*+sDy’ K j

= q(,z+f6 x*

The Solutim st zl=_F'4(Ra) we knew LR 0y is 2 e 0 € [0

4 2n

£ Rewb]  Tha Swees out He St Sceed <
Se¥ = Cs.:: ::2][51 & [RCS:‘I Tha sm.:: expiit Pichue of Th salas £ (R '
based on e Sym of He eg.

=



q/Sé‘%ozs

_&u Vanaht S}m '[ X = X S:X—>X x¥ s ca;:ln \
fustctive S f+Sw = -pcx) VX [“' o S\"F] => Sx~ alss sdn
fex*) = r whe re Fix(S) gk

3 . ‘\\_/
N Y fex=r  tha STfSuty =fum =1

S f(sw) = St) =r iff reFx(S
= 'F(Sx") =~ S 'F" w Rin X*, SX. 3 also -\.&/lln

Agam it FiSe Sif A £S5 - SN becase £2S(Sx) = SFSwo =S e

For inverses (f y= S™x -fS', = Sfy ie, FSS"x = S‘)CSJX
oo = SfSk)

all ¢ S

of Coune, thi his f xe Fix(S) SHfuxy = 'F%S"Cx) : cf::dwt‘n:.: <-F’>

@ fiR—R 0dd dyra puly -ak fems
X > 315+ b’ tex

£(Sx) = A% + b(-ad +elx) = ~Fm> = S (foo)
Th Msl:, ¢t wha S e (‘Per) s M=o

Stey=-x S:®R—R

3

The exanple | drw wowld be mon Lk dx-2)(x+2) = X R
Thn %) =2, % =0, x¥«-2 7= §-2,02%8
S(X') =% bat xFis FPef S S(2 =2
D Theae i3 & more smﬂ\‘ fBrm commanly
£ - ’ B R
X —Y T8« o s" T T i3 mubbiplodee
T - e - [ SHwe
S T 1 f s~Tf " R by vy

X-—-—;Y

We Shal discuss +ht lader




[e/ 2025

Let’s look at Som Sym pnblems fiund onlire.
s a famus pnutm | Sew in "Pub Ssl using ng” Michae! Pen SQu'Iubu NG One. doe
m selving* | o ban, Bermen, Zashusky n"‘:,-vﬂﬁg:; 2y

This
but alse pub‘BU in TApplications o S'Jm 1S
Pﬂbublj the men ong: Pos\a. Math, Dn‘&covaj Partd 9.183 Saln

Solee +his Sys of egs: x4 23 +3z = 30 Ax=b
¢ 2% +345 + 2 = 30 uzax‘_::
Tach eg defins « plase in R 3% +§ +27 = 30 [;,3;_ - £ B
We Seek p1s Cammm ™ qll
i thar Mlersechun Yes A= AT (Sym matix) but hin vhe
sulh nuns JC'"
(1)) Each mw s perm of Same elfs
(2) speciut = _Mveadné ander
Perms

We do note Yhat A & nsSdy, So
Linear 'Mﬂ dedls us on‘:’ one seoln

m,ﬁtdi b Slwe )
Thee i 'F"R’ R w 2% =
’i::[nzsl’,‘ e SRR = ) = 30
As 13 £ is inwdut wnde 2 penm Syms {'(Smx“) =30 *["’J[ "]F}
3 z

and -F(S‘mx) =30 => [|233[| |}[§] = (3 nz]{ﬂ -30(:33

ol p][;] = 30 (by eg2)

NoTe: | am J“'S e Civeular Perms f"\
and we 3!
i 523‘42.- ot (9 s T 1 HRE
LR s BT

ﬁ\ﬁ B net {4 T Lo

’ _— h h swy G S‘-’" Sho

(wheh toylg b“;c:n f He g - MUY Perms and Thir assoawist Matnices

e Transprse of what h‘n—) but 7t Werks [Sq,na Shuts m AbStac Mal

ond S:.mx’ alsy Satsfy

Sine Tha BOnlz 1 soln y* put S
¥ ! ¥ :
TRECE aweill ne b
c e
il
Now o defemre the Wl of 3: . BEI <
=2 X < |3

|
{(s,33) =30 a+23 +33 =30
¢a = 30 X'= F]
a =5 S




Cont'd /2025

Cb:tﬂud 2 to Solve )
w itheut m%cfhﬂ Y Seln, we can Flip th last 2 egs

%X +24 +3z =30 [0 23] This doesei hawe A=AT but
3x + 4 422 =30 A=| 3 2 It s a Circulant matn'X

2% +3y + Z o 23)
Rename S,s @5 gust S, Wwe wi
Eguival sh 2 %
guivalent b Show AS = SA [:; %;][ "l » [:;’z‘&

i

231 123

3
=R
\ 31 123
|
As befe e know ! x* so Sx*e=x'

ans lrbwn a Sthe at2a+33 =30

|l Shew this Satisfes Th eguimdant £ S'TAS=A

Ax=b b= [;‘;
be FX(S) so ASx =Sb=b
by Sauagasprw Page x’=[§

a=§
D Thiy also shiws e hawe an eryenaln g Axs A
123 §].—. G[ﬂ  / - This hetds gmllg
[i!ﬁ][s s Alsw) = MS*)  stAs=A o
e
p(Sx)"Mvs")
> when would & 3em| 3x3 matix satisfy AS = SA fir tha perm S MA
‘a bc] ! ¢ o b [ *:?ﬂ‘"“
b:{-‘] L‘ | = Lf d : j,.:,dg;c chsj
4 &- =
i B abc rd e f 3=-F=b
[ 11 def|= |39 L4 S
\ RLY’ |la b C = A=|c 3 b
bc d




1 /25/2,,;2

ws%.%mm /n In fegratm _[abkms

wawt T compate ff’cx)-lft
b

S?ooJ’x = S%ml’x + J‘acooel’x
AUB A Bssia)

o f-fa)dzx
A

a

When W Can regnize D= AUS
ana thee 3 a map S where $:D—D

(i nvarimt Set)

2, \&e:tDSu.‘= 1
3. oS =4 o AUB

(Fon Hat nspects He Sgmm)

fhodk = S fsudlder D521
)

S A fw 7
= S 'F(u) Jsu z f}.
A renamet ‘%

e Could cimbine (2) am (3D ba
SY(£dxudatain®) = fis det DS, dv'adu’sdu’

dnd s‘a _*_‘“_?, is th fea thet resgecT® tHe Sy mm
(but then no det Dsu"'-‘-> [-.G&P 7";.[




" _@m m /0%1@)9}!7 q/ wéZo 25

First lets d3auss CON _n_m doyratin)
I(f Jx, Ca,b)) = ffwdz
He 3 e Wil ause: “M an d,«um chu)dz but bw' recomize F (z)a-s ‘f(gu;)) a’tx)

S OJN 3 ¢ :
da = g’mdx Thus xe(ab) => ue S(Ca,b)) So ziffi?)‘cﬁx fun du
g
‘U’ 3 a Jamv nahe;

fachor TR
I( F, Jx‘ (a,b)) r:: I('FOJ, 3fz)¢lx,(a,b)) = I ('F, du, 3(‘%”)) reneme i+ %’

= T (1 dx, 3‘3,&))
so if g(ﬂ.w) = (3b) w hae & sym

b
@ IF"““” e f‘ﬁ"’d" Sam nsulf Fn h‘a-ﬁa 2 fins on Sane nleel
. a

Sym Mndeat (-3,3) an Even fn  F(-x) = fx) L{l
et S(x)= -% and r(&:))e'p(w) .f Mnardast MS

3
D’ Consider j-ﬂ-n dx
-3

d |

-a -3 _o
\';(‘J s R Pundu and femame > S{-’md%
sm(;_{)‘ﬂ “5 f(s)stmdx = =~ S'F(“)d“ e o, s ¢ !
'?(,S(“ : -a - S(-a)=*3 o e a) q(_a‘a)) = (—a,vaz(%a)
b - xeb
= (fwds = ag{?mdz} ihue ve hed He mgnde® oy 0(gu) = fod
~d o -

—t

-2
nieval (-33) and Odd Pcnlf(-x) =-*p(x)l i, T
Scoe-% but now  F(Stm) = S(f) Vxe(aa

d
Considu S{—‘mdz : Sym

: = g ) f ﬁwwmmr undsr S
S 'c('a) x = *Rt) dx ¥ S f"’ A"
[ []
i %
Sy dx = —dx bat S(ftsa) = ~f(scxy) so w

- sthusod (st end up W (Of (s Stordx
-3

cov A
an:\! o ; :
) 3

(G o

jfmh t fmde = 0O

0 o

3
S{'\mh = -
~d




a/17/2025

| Nere is M m."k a&\& thes (ﬁ!ﬂ ﬁd‘atllw anW) @
@ S (x cos x H)‘J‘i -x*dx :’(c:s:)he—:* + \J'l-::'
s Thiz whie A odd: heere a*esx Y122
S’LC‘)J‘&:O ad w o b nes & ;‘::i h[ x) = -h‘x)
" e
2 - j,r’,,“dz = 2 S\(,—_‘;ah
-3 0

)
v
D Let's discass some tnzkier pnblems goiny back T &)* SF“)J-:; = g{—‘wdx =L
Thas et ws do Mo Lo | G- Din =0 (17 that higs) * ‘

b a
o = (P am d,S"Nx ol & a(nf)elx

a
G O M‘a‘ fr Certam enblm o 1987 Pufumexam

Fist anb'h'f,\fpei -3 d_ renamay @as %’
. P » -
L= [E0)f 4z - S_f_c_ﬂ._(m " Iz L

[t = g fo tit) cov a-aﬂmhﬂm Fc.x)+¢cx) 484'“” Yy
Sym in Iniggals’ a  dus-dw a a endminie
3
L+ oA =§_ +S.}_ - jzi,gi - a-a o 2k
t =
g B b o P a
k. youtu [ whoe
Lets.Sohe Math Pribloms ‘ ‘S‘ Vo (6-4) f f(6-«) ” Ft-w)  Fu=
—  frw
~1 \n (6-u) (5+u. £ (6-u) + £(o+u) o F(-u) +Fou) :
‘(—u«,)
_More Gereally Q = £ =1
-L——t—t——t——i

= fexd de TP @ b
-y J foy + £(-% +[a) it (35) to (-b-3) by A% “b)-} 11""‘_%‘“‘

Tramlote b 1o (3,6) b x> 2+ (

COV U= ~x+@th) > X = —U +(aw) ng‘-

’ x=d P b J . _dy (1) ve must preserve (3,b)
b
S FGu 1) + F1w) e Plu ttaw) da "™
s ,C(.a 3 m,) +fem F(x+taw))

e Sm e 2l = L_a Bei-oF 1F('Ih*(awb)) +fix)

) D 3
@ S it £* —~7L+6 Soetm f (nCuvsd (~de)  Fename

was X

|
S fl-u+cau)) (-du) I g = u=g (2) Ue muss prseme denom

In(@x) *+Yfw(31%) :-z=> U= 4

= \[————-——‘—www-

S.‘ frx+3) dx dq 7 ‘;( i) uwm‘ ce“‘“j‘ :-x‘{,:vt u+7jx

fcn.})f Fl-x+9) f-2m1) rfexm) @ "W

Tws 24 = _rlclxz Y-2 = g2 Thus a.am This is e Puinam gnblem
‘ NOT a voy Jenem| dechnigue.

a




; taus &
kua MWW MMMM% Sym bu#asb,ﬁ;;M‘ m
o can Tns fon mr‘.ue,nt o [

gﬁz)clz _ X*N?H g fdr 3 fe He Sawe deman

U:= }’x

(oo dx = SRA) ()

o 4

a0 x=

o
(o]

)

S/20/20

Sa‘m h /mvaa

du=-x2dx > dx = :Lcla

'F(X‘) Ju reaane W s @’
2 Same domen s L5 e

a=|{ U=o
0/—\,
L Gy
il 5 ;
&°-!~u BEEE e
244 X241
ws = x=0
o -
4 dx " S i ‘ ":"‘id“’
SQH&‘)(HX“) 1+ L)1+
w=1
0 \/‘_“_ ‘J‘ M
So ! du x“ dx
s z Y . &(x‘ﬂ)(i‘@
, w +|)( ) ) S

a=t
l

4 S(HﬂXHX«') +S(szx“,fx)

\

x| % _j‘

0

0
(1+ x‘)M S

\

d

“J“ = Tan (I) Tan (o)

g = - ST
. 7

o |




