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M&T ch 3.
_M_u/ Vectr [dentities f e*—R TR
l. V(feg) = V¥ + V3 -
i 0 \"4
2. Yick) = ¢ VF joed
3. V(fy) = Vg + F Prd Rl
spccinl CasSC of (3)

4. V(¥3) = é—,(swwfvs)
5, div(FtG) = divF div G
6. Curl (F16) * curt (F) * curd (GD

7 J(F8) = (F-V)G + (6F *
_ gfF + v

g, div(fF) =
q, div (F*G) = Greurl(F) - F.cunt (G)

1o, div Ccurt(FY) = O (d*=0]
Hocuct (FF) = VieF f curt(F)

12. curs (Fx6) = FdvG - GavF + (GVIF - (F-1)G

13, curs (cart F) = grad( dN FY - Y°F

14, curs (VF) =0 [4%=0]

15, V(F.F) = 2(FWF + 2 FxCurt(F) Lspecnl ause of 7]

16. Vi(fg) = Vifg + 2VF vy + £ vy

7. dN(W‘x VS) =0 [SP&MM of q]-

8. V£V -gvf) = V5 -9VF

19, Cyclic Perms F.(GxH) = G+ (WxF) = H-(FxG) = d¢ E‘;:]

;?‘ R ((F"W"G)‘ = H-V)6)F - (&) (H-F) =
. bac-cub rwlet (@ x(bxcy) = b(awc) e at)

Somy, things need €xplanation ‘ tna's ED6 ¢ bS'g
= 3 i : G : >

(F-V)G = (ZF'p)6 = F|D'61+ ;gz(;z+ F"’D‘,G2 = o8, Dz(’: =

3 D'Gz pe R

T Curg(Gd + Groure D'

(ZPD;)6° FpG FB, <
(zPDG’ fp@ FDE FPL

2
V F:=[VF Fe + Py ¢ B
VZF: i lﬁ#@*{h&’

V:F E Ii,“ +E

(FxV)xG s Wworkd out when .IP""'“Z".

|,



G‘(F.G) = (F-V)6 + (GVIF + Fx(7g) ¢ Gx(I2F)
This s the last Tdentity | did . (#8) Sewes as an nifoductin T the “"“"‘B‘"’s{""’ ‘U%!l,az]
(1) Let L, be just the Jeons fouckw by DB, - L, = D, (F6'+F%6+F%B?)

(s & th 27 vechr compirent) = DF'6' + F'DG + BF%6’ 4 F2D6* +
Now for RHS tal 1% veche componat + DF%" 4F°D6

Term 4 : (Z'F‘D,)G = F'DG * F D6 + F'D
h
ii GOF gy our rGOT :

(Fx(_vxs))(DZ P/~ FPlvxeS = F(D6% D6 -F (36'-0,6)

: 2 2 2 3
4: ¢*(pFi-n,F) - C(pF'-DF) e cal eme es¥ >
Canal certan parls of

ﬁR F'DC""GDF‘*FQDG -}FDG first 2 dems “anveche e

+6 D F" S b
() Dees L =R 7 ik L(V,FG)-?;(V;FG)
F DG + ¢DF' +
P2p6° + GI*.Fl 7
Fp,¢* FCRE

GDF + F'D6 + =‘
GDF‘H’DG*
G DF tF 0,6’

@  Lv,sF s0) < R (8Y, 5F s6) - S
@ B « gemre demplote for D(,cj,,;.“f%) s it SHI hulds

ue '[“c'l m perm-ed indes wlws.
45,565 = F, STSE=

becanse (ST (SF:S6) = (SV(F6D
($V§D= D, Lihwa s*

R, = R,(SV,SFSG) because fir first 2 derms
(SHSYS=KFP>  thes (Z(s0 (sﬁ}.SGSD =
zﬁDG

U‘)—V Shoutd hae been mcluded m 1)

L,(V.Fe) = L (sV,SF s6)
nd D\.‘

s( F"(V"(:)) ha brys Mels to oy positun
W
SF x (SVxS6)




MET ch35

— = 5/30/2
‘ div(§F) = Yf'F + £ div(F) @/)OZG
e V'(‘FF) = VfF + §fVF [+5 Hnvia( Fo pave Tha divecHy,

wt e want to do all £ tHese
_‘_’\_’:2 e moust break Th LHS ara RHS mm pieceS td perm Sym a:da%‘}o easy

(1) The pieces art defind Such that L, S szé" L, Or A a pohiype fir an div
- R Aiagw'g'qqg
That ™ 1 Say L"(V’f’F)=L ‘ 2 3 eylepen o= X
|'¥L I (SV, ‘f, 5F> (3 2)
ana lewite fir vhe gthe compownts (pices)
See my Sym shaks

(2) e must shw L (0£F) =R (V,£F)
(3) Wwe must Show | = This giws th algcbove Relatin &
L¢ (SVIQSP) = R (SVf SF) I'h 2
e do Hhs b AP and libwie fir S
Y ‘Sh““'U the relatin in (2) x ) amt

(D wede 7t out To find Fhe preces ( basiealy ¥ha prives +e \"cbn'}ﬂ\‘]!)
- "y ¢ DSFT) + D (FF) R = @N)F +@AF + Dsf E &
Loy ¢ AR HFRF)

©,)F +£(DF) &@ﬁfﬂmf)

So
L= D, (£F) R, = (D‘f)F'f £(DF)

tha i3 Mfor’tmt* tr a

These are all derms touchs by D, —-h"d" oy ‘m
R T
b FY) = @NF + f(OF) S ®
@ ® B a gereri relaction SHat does not depend on indies D, ov F :
D, (f9) = ()3 * £(D9)

= "
SV - S \.g(zl = ‘-?;;‘k SF = Y;:] ( S would havt no effect i S:uhrf)
3 i

£
ﬁ L) (SV) F) SF) = R'(SV) 'F, SF) and e Sane G Sz

=> L, + L(s) + sy = R 4 R (S) + Q‘(s‘) ,
= p,#F) 1 DHF) T D, (£F) = (p,f)F' + §DF O,NHF+ FOF° + (Df)7"+FBF
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: = = oa =aas 5/30
div (Fx6) = Greurd(F) - Fcurt (G) @/2"26
e Ve(FxG) = G +(v*F) - F - (V<6)

Follow fh plan establBhd .
Write it out S M can estbliZh the fveccs

LHs = D, (Fx6) + D, ey + 5 (Fxél

Tale L, - D, (Fx6) e .‘sﬂ-cm‘gtm‘huwh"a - =
i 5 also Jowew perm werks e 0N
. \ D, (.FfG) D?(F 6) a:i-\—s of (_F"G) s ad Sy s

Qe
RH’S = [GI G'z Gs-] XDSF‘:X-}“‘;}’EI} = [F F'IFJ] | 526
S5f 10 *‘[’)26.

Vptioy D, Piece
R, = ~G0,P 4 CDF - (FFDEHFPE) e oo dmetly cnpie K
as He D, pie@ and Ue Smfim

tHat T+ Znbfrct a ot of
+h hndies

R\(V)F,G) G‘D,F‘+‘G’D,F~(F D¢-F 9,6)
~pFTHGoF s Fime’-Firet @

@Show L,(V,F,G)
D, (Fx6D

D(#G -F'e)

oo Fi+ FD6E -G DF -FD6 4

@ Algebraic  relatim X 5 a geronz templak; st holds For any D; and &Y Y fens
D,(fq-hk) = 30Bf +$D3 - kDh ~-hD; K
Ths veans i+ hilds if W -pem t+he comporents
L, (SV,Sf s6) = R, (SV, SF,S6
= L, + Li(s) t L (s¥) = R, + R(S) 1 R (s
iden‘h\’j R} estnblizhed

] = £ = + bt'G". AL
div (Cu.rJ.CF)) c *?anme\m‘ mﬁso;a‘f"‘- e i -
D, (7xF) + D, (VF) + D (VxFY

D, (p,F- nyF?) + Dz (RsF -DF) + Dy (p,F2-D,F')
Colvect all D, terms e =
5. ,p° ~DF + BEF - DRF + DD F - BNF 26

]

v N

) and alse fir Sz




5/30/2026
CablEF) = ViAF . ¥ f curt(F) O
e, V*(§ F) = VfxF + f VxF  Just il vu(eF) =V&F + fVoF
e M‘W Zhe basik (deas [ayed out in #8, but frr Hese
Vectr Valud Tds with crss-prod, o ke th 2% vectwr comporen

1t as L, anet R,
() Take L, = D,(FF'Y -D,(FF")  ant R =Df F-DfF + f(RF-pF7)
Y we He cydie mdex peem (1 32) Ev/m,‘ reSults wha S 3 apples Yo
th Vechr ampomrs] do (e Awewr L/""s"’Lz and _R,-«iR‘ °

Yes fir tHs S(VxfF) =(sV)x(F SF)
So Lz 3 achmd fom L‘ LJ n.h_.ma ndres ? Lz = Da (‘FF‘>"D‘(‘FF3)
For RHS S (¥ «F) + SEVxF) = (SWIx(sF) +  (SV~SF)
Ths R, =Df F'-DfF° + F(QFI-DF") an smilwh # R
?
@ Lu(V;ﬁF) = Q,(V,f:F’)

Yes its d'a.sr e pnd b :

D (FF*) - D (§F?) = DFF—pf F* + F(nF-nf) @
L e =

@) Does it still hold (qukty) Fr L (S, £SF) = R, (SV,£,SF)
—— s 7

: L =
Yes because d‘gobm‘c relatio K (s o Sﬁk;avf about e prd :u/c ‘ndep
of partwler partials o fens : :

D;(fh) - D;(fg) = DF b -D;fy + r(q[,-pd.@

i % X R.L )A& oven
L.(.S) - R\ (S a the jdnhy B P O
KL. (s‘)] R(S) Y




MLT ch3.S 5/31/ 202¢

V*(FxG) . @-e)F - (vPC +EWF -(FTI6 wwetu
rlan,

(@ Follswiy He Sam play twi Yhe Gt comporent : hewnztr mettad

L, = D,(F'XG);-—D_,(FxG)z ue kmow S(Vx(Fx6)) = SV xS(Fx6)
= SY x (SFxS6)
So e Ccan 8&1’ 2“ C.nf bj indires pem (‘lso 8"')

T RHS reguirss Some explanation

(] o {

R#S = - [5] - (7P 65,' i few L. ,i.gfe
P‘l 64 G- VF

6V’ Fve

R, = (-OF - @R6 + (= en)F' - CAZINYS
W hat ha.ppus after ve qu () peen S 7 (_SV)«SG = V6 = D‘G'-!-D‘GI*D,,GJ Sums bwer al(

3 Madies are e
2 ; : Likwise (2‘ 6 b;) iS invarunt
= . = - J
R, R, = GOF -@R6 +(Zen)F? - (Trp)d

@ wow show L (VF6) =R (VF6)
| 3 2 ? :
DatP6) ~D(F6) = Fl(2nd) - G(2nF) + TENF' - TFRC
D, (F's"-F6") + *D,(F'¢’>-F¢')

- (DzF%z + F'Dzez - szZGl- szzé‘ ‘I" DJF'Gs " '}-lDJGJ - P’FJC' = F3D G’
‘ > 3

it
=|F(p€t4n6") t(e*n ' + 6’%F@®

+ ¥'p,6' = - =
- = szzel i FJQ,G e D/D

RO - COE 2R - JFhe Mk v

(B) Does L, (s 5E56) = R, (5V,5F, S6) ?
Yes becanse K 3 a gerent algebac rlaton betueen 2 partiml denvs D D,
@ and o cambo of 6 Fens (f,g,k) and (-P,%,r)

= D (£4-g¢) + D;(fe-he) = f (D, ¢+, r) -2(D,9tRh) +gDf +eD,f
=L 3hr 3 D\;f’)

Fiully rpla D,, 0, by D; 0
Thus the same rlatin holds fir o cyde pem of He indies O

cont’d =




MLT 3.5 5/31/202¢

Rumark absut @I2) i Let's #y %o expand VX(FXG) by bac-cab rule
arlbxc) = Plao) - ZCa.b)
V"(Fx G) = F(_v 'G) = a (v-F) Tha 3 it He meet hmula

Buf if we write YEN U (/P V- ou!fopeai‘anF,ScmﬁrG
T*(Fx6) = Vx(Fx6) + VGX(E'x(,)
F(%6)-6(%F) + F(76)-G (Y F)

£ .
o,uﬁ““:':- ss.,XFﬁ, (G- V,..)F = LVF FYG 4 «, SF - - 7635 mf.‘\;s..bsa.pu
— > & Oﬁa D
#B) Tx(vP = Ton - 7
{

VVF
‘.V'VF‘
\£ vF‘]

: d (
D, (D F-p,F") +'D,(p,F - D,F )

D wrk out e 1% companant
3
L, = b, (vxFY -p, (v<FY

- We must expand RHS
Vive) - V*F = V(D.F'*rD,F'aLDJF") = [v VF]

i

e
= r v
= IBF f58F (oo P | 2

WP+ 85 4 onp | - Pii';;
T R [PDF'+ Db F Riat LoV
= L

Sll /,/FA/"' D F 4 DD FJ D‘I/g( D F".“ 2F."'

= 2 o ® ndi
Rz 23F +DDF _DSF _D’F aj\a&."‘:::!m (@S
}@mes/mw— L, =R,
D (DF- D)+ ROFDFY = Dy FY pF- D@ @/

Dz&F'Q@i‘DJBF—%@ T/_I

i 27 C? Smovthress Momns v an irechay
1 A deneric N
® generte e o 2

Thus ue can v‘“a in the permy index valoes and get L, CSY, sv,sr) R,(SVSVSF)
Thus He idukty R prven [

)

DiD;§ - D:f +D,%h-D,f = D;n;q+ b -D;® =Dy



ch 3.5 6/:/202G

Cur“ﬂ““‘:) i VxVf =0 agam d*=o

gk D,0f - D,D 0] «— fom n ¢ pactnals
! = [ it ﬁmm !

Dl Dz DJ -
0f Df Df s
T pean Sym of crss-pnd
WM i3 diScussed equmr and
’'s J n dbﬁh/ M m5 )
§/1/2026 shuk ‘Crass Prd ant Sym

specral ouse of
pecia s n %m ﬁ/dl' .
Vi(fg) = Vg + 2775 + £ 73
V- YFg) = V- (¥fq +?€7~3) (#8) V-(¢F) = Vf-F +¥VF
= V3. + gV W ¢+ vf-Yq + £ v-Y9
= qVf + 2 ¥ V3 + 'FVJ 0

@ v'(Vf"Vg) =0
@9 dv(FxG) = Grewnt F ~ FcunlG
= V9 (vxvF) - Vf(yxVg) = Vge(o) - V-6 =0
<L)
0 V(-5 = fVq-g V3 speecnl o of @D
det = H‘(F"G)
@ F: GxH -&a&__ - 4 E }

ST ‘(')w[ ? = G (#xF)
@M‘W be 6h st Shet —> > S =
—

bae-cab rule Cx(,bxc) -568? - ECG bl)

@ L, = b _@uxc@ = a (b‘c‘ cL) 112%(p'et-¥'c!)
= b(a'C‘fQC*QC’)°6(ab+ab+:l») )
£ 3t Y a's
%A 6°) + JJ(L'CS-Z’bsc'J = (,a/+ac+ ac) - CM-I-&
@ T jk | \Q// all Yerms

= 1 tem

@ L (Sa, sb, Sc) = R,(,S&, Sb Sc) : a.b = Sa-sb <Sé,55>=<a,sr59
ot s "“““‘“‘“ Lo 2 (2ake) -oT(2a'F) =(a, S5y
a*(bc'- ‘b‘) a'(b I_B?)  So they e, mfict; cqual and =<ab> ¥

bicess idofly & es tablizhe a
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@‘ ( (-l—:x‘v-)x?;) = [(H‘V)gI'F — (H'F)(V'G> j @
[’ FZF“][(ZH,-A;G'] SRS

I’mno'f,jonﬁ-}.d‘ e perm Share

hue beauge | want explue te Jems (ZH‘DDGZ

3

Fivst lets expand : (ZH'D)G < b
s (PG < Fo,-F0;) (¢'] _ [ED-F ugc'—(r D,-F*D)G
G Elel e 21 - (F'o,-F’bDG,'(F’DO-F‘D,)G“

F DZ'F D, (,Fz DJ~F3D:)G = (PGD'_F\ ‘2336‘_‘
= 3% 43 2 2.2 — i perm Sym exdts
= F| G‘x FZG'Z FGJ: FF,GZj = (_Gi— C:)’Z} C’i Gi = F‘

= - + =
cm73 Fsczx aG r .G:‘. G, (6;6) G ||%
FG, -FGy ~“FG6,1FG, G, G? C'G;G’)x
X
T ;
= DG, F - @6)F

Then 2
) HT [(FxvxG) = W[D6TF - GOHE
\ = [oe,H'F -

z = FT [peH]| - G-GIHF
se- £
w = F.{(u. - (§-G)HF | wish | could mak e

Teally ke hawy He H outside
but that 3 not (905:_“’“'
unkss DG, =L1)6x) )

(Thx wowd happen if VX6 =0
o




Ch 3.5

Lets do a few ch 3.5 Exercises befire eStablishng grd, curg, aiy

In Cylisdnzel ard Sphened co-ords

@Ld’Fb&arbe. /s i+ 1

Fe(vsF) =0 7 Tah F= [5] Then

Very Common_positien vectw calewlations

G/8/202¢
Chubs

©)

VAFLF xlways 7

i gk =[i-o.1 []” zwgfo

N
Z
r = "r“‘ = \J xf\'\‘liz" = [xl

&

*_\"z ., za] /z

(@) show V(r") = nr"*¢

Pu:m(
=

eX Y
VY= ZT )

V (ﬂmr) = 'Fz.F

wWe Wwant o use Sam methods [S‘e.t. my sheets ‘S:’m and Déﬁ'\lS, 5/8/2026]

'Ih\~

1S 1S
Lemma 4

Cyclic perm (1 3 2) rotades elis up in

i foo - F(sx)

ol 0
o0 | (F) (x)
l o o D

[2:]

Dj

D,

H

For P=0, we must Compute Do =D fixy , oo get #e fen DF

Fer f:[‘ w\iusf rhﬁ no tha CC"I"

D, = DS > S¥w = Vo
(£) (sx)

acol vectr, S =S¢ 4,y =

so the rcafe is

T, S {%]{-'m =Tt [%]# (%)

T ewnluated
at ¢t Sx

(e=2)

@) Csx) omt Of 0= QQ(SZ’O

-

D,_r (x)

C(Sx) = ) i -
= = 2,2
{(W‘J.z) = T‘“ gc D,'F = %\ [x%ﬁz’]’ (22) = n ['X.“"d .,231 K
= n "
Now 53 Sym D.f f =
2t g2y = DF(S) = Df(nzx) = n "2y
D\‘;{ e n r""‘z
= &(r") = AT )
= Far ot 1 e
For Vi(dar) $00=Lnr ?f—‘;'}= r'}"‘f-ix" r=x
B:‘ Sgm Dz?(y) - 'D,‘f(g,z,‘x) ='T.‘z.ﬂ
o f "
= Y(fwr) LT
r /
con'fd—'b

o
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8 contd 6/5c{2.2_,2€
® V(") = nine) ™ speosl ease n=st g% =0 ®
Ve V() = V+(n g F) so hwe Fexy = nre2p = nr""[§}

lw“f"""“sd'“""a?u oe DF + DF 4+ DF
: mp 0 % .
F(x,g,z) = nr"’zx, 3 vanad ander pems  So “e Could Say i+ B.g_'g‘o'_b_f_

That Dy Fixgz) = (D F')‘
Do'mj it in a careful and naom i 3 J (t T

S reS = we se F(Sx) = Sk~

ana be dine

e 2 F(Sx) =SFoy => DELS = DS, DF =
(eguivariant)
= D, = SIS andtha gres D,Fox —(D,T}&)
- P =0 Yes)
e lagil ] e "] ke S acts
= 2 2 2 Whnen a
(2042 e B E {' il =
e ls % 5 E | Perms -C_OLS,
X S -D ST Fom sz‘f, it
@ Fz Fb“ Perms pws
5 (EJE,
. 5 E R
>0 =0F )60 b7 Ix
(0o =(5F) sy =OF )N g

Thus We Can C“"“P“"" DF(x) ard dhen P\ua ml it to ,31'«+ DzF and DaF

BFoy =2(nex) = nr2 4 nx(n2) " 2r S
s X =
“at” ¢ n(n-2) X.zo e
S
- nr"z[i + (n-2) X =

DF +D,F'y pp? =

= e [3 + (n-z) (/*g‘*{)]

n (3 +(-2)) r"'z
= n(htt) ™2

]

a

cont'd —>




% 3.5 - G/Z.Zozé

Con bs

@ Show V'(I’"-\:) =(ﬂ+3)rn Special CAJf Nn=-3 : @
V-(lﬁr) =0

This i3 very Similiar o what v did im (b) Fe r"[g’f
s = A(r" = s he™ 'R = At e
Bifo = L(rix) = = ¢ ""5-,; = hf" L =nr x +¢

r T

Ther pE PP = r“[u,n%z] + r"[u%ﬂil + r"[i»,_:_f’}
Sl +/%‘;WJI = (n+3) "

@ Vx(p"'ﬁ) =0 Special GaSe n=o -‘_7.*?: =0

F=r [},‘] since S(yxF) = SVxsF @ o
- | Cen J'usf compute e I~ Comporant cnt He 0fars must folhw g THS

perm of [ndiceS Ch’z

Remember : s pesi

n 5 ‘H!,_;cl_ﬁ ih "‘h de- 30 10 hw

Prject 1% comp fon @ - C T

7T (StwP)) = 7, ( SIsSF) -

a .
*F)! ’ 7
-~ @=F) :

Cﬂmpu,ﬂ (V“F)
LE-DF = 5 () - D, (ry)

a

= 9 .n ~t
BE"2 ~B) =Pz - np™
7 TR =g - ey
=Ntz < Ay
B B

= nett = O
= 52‘231 =
(VxF§ =0 b Ny = {
Caasse M | per the ndigs n (V'FSD=° e opefim &S WCCUOUS

xS =o He mombs O @ anchanged




