G8P ch 1Y 8/5 /2023

3
@ (@) shw T:R—> R embeds R in R, To be an embeddmg «
e [fé;:( Q) Jdf, om-t-One “VE 5
@_) £ i a homeo’ (o
41 Fan 4% 6 { one-h-Om
DM» - X 4 _ 5 z{-..'\ g e
df, = [, 0, i‘ always OM—'h-OM e .Pcﬁ

_p-one ant 1 ¢
L.b,me. fon Pt o s T O™ = .S’maofﬁ

=> fa an embe//»‘& “a e
ASIDE: Centrast th3 with Avez DC p.116-117 : [t

A% Hert da° [ .] b ""' Gu-'h—on. 7
a ﬂ." a h@ml because 3@&) =T 3 v Wk 8_‘(7'4,‘() =<6@)(3) "\‘[b

BW"’ 'HH3 3 nd”' S‘m”-[‘ Le'f S ~) 7 y= —L F=as
FW@W&QF FCt)- {')'t mﬂ(F J[S

Fte

B! e [ lm — R thet E™e :_,_Si" =

Cane out e g° e =)
o ‘"\“3@ as 8—:"0) = 'F(R) Are am)f IW Jlolu”y?

Let %}(1,3’:.) /3 x Thon 3(156 2y = _éz tz e

(332 = z-% o, e 6 -t =0
2z | s
Da‘,z [-—sx a5 ‘] Thie nws av L a’ahl{y (ie V valus x,y,z> 5
() Gwa £: R*—>R @ Shw OcR & the snly el walue.
X—>% 1‘{"2 L«H’, Mags Olt'h R unlss 00 »o]

® she Ai=fta) o Be=f70)
ar difbsmapht f 3, b bith por OR befknag.
@, Df = [22 29 -2=]  © Rgau ce"Er'"@ e Gt e
W
WMOnﬂmwh&-@,OU} h S icP ) as c pasas tha O 7
and Sp, o',,g £ Brfunaten, Catmsinphy .

Z

® A=fo = wlx —z-—-az Qa,:s 1 ~Shet hyperbalD @

+ z°
Al Bl v %T ﬁ/!_ﬁraf = l+

wL hdM an ell«pﬁ & mz:o;, and A ifdﬂﬂ "-""b’a.f Z s,

On He othe hard (%~ £ = T
; ox |+}343‘+’)"Z =>-x~+@'-‘(| +,c<%z+'rz2$




@il A= Foay = fatsgf-2oa8 B 0) = § ateyfozteng
If 3d>o0 -aL'xz-balﬁz_.é.z‘:l ZHB 41 Sheet
e - LI AL YU I S
¥ b<o (wntk IH) - 'Hx Iblﬂ *lblz !
Obvivwsly Huw can be no difleo befwen™ L ~conn conpirent and a 2-Cnn ampomf
pair ¢F mfds. e
. C‘ .
I 3>o0, b>0, Th difke i §u o linear change ¢
Levw X=2u Of, 40 rephase that, let <XYyZ> € A
o gL thet means X'+u*-z°=3 ®
st ,%’Fu" +}%m’~%bw % ch,glz):=_(-_; | : ; =£‘ ‘g y-on
o utetowtmb e il e 7
Is Ling22eB? To se th3, nutt borh sl LT
b2 2 2
1A (e Llie of
"G @EY-GD -
> Lay2)eB = LA =B r}

Lef?hawwwéhk bhow (M(y.(_:'gbwt’mm

HB 2 shets

A2, 1,0 L2 =)
81'48/8 aZ

wilan

dﬁi“ﬂ and e

Kisws Tk, Homegeneous means P(tx) = 2T P(X). That means each term m
be of Yqre M

~:thsr cxampl, f k=3 am m=Y, pv) = x¢+ yz + xgsfm
Show- Sa = P @) 75 a (E4)dim sbmfd [ (k) dims ger Sgunshed |
Show Sb difte # S, i§ db beth pos. [ wunﬂ,

U’) 5‘a=p”ca) thet 3 POX) =3 VxeS,
S, damfd if @ 2« rg b of P, thet is dp, maps Oné R ¥V x€S,

For a gowal P, it is hard 1o werk with df, but w Gn us Eu/er!shwgﬂm:

If ao tha pod #o = XNpexd # 0 Obsens Thet o3 - Xe VPx) =mpcx)
o XV =0
V¥0 & x-v #o cenirapos

n“‘ er *6 i.e. d?x # 61-
So dP; map Onto R

N ™ LT, = S; ®oa ) dm Submid of RF
pab LCK) = (b £ =3
(a.)x"" PR = LAY Gk S




G&P ch 14

8/21/2023
@ Stack of Records Thm (Somwe relationship “COMUSMS in M“""“‘T?>
f: X — Y y Rg value

g__‘.’;" @ S='P-i(3) 15 discrete s:f of pr.:
mec’;(f:- dim Y @3anbth; =4 (-V;>___HUL
whon att U au disjomt  ant
@ Jﬂ‘T;x—'>7;YMBOI’* Vxe-f‘-at,)=3 {]V‘U; ~>V FCS ad’%'

Smae dim (T,X)=Jm(7; Y) and 'th/t, ﬁu} Slnws Jf; is hSMJJ‘fﬁus an 1S5S0,

By v Fon Thm, for each x€S 3 nbhl U am £+ U — U hocal difo,
The p1x xe S an dixcpte becaus Thue con
#S is finife because, if me¥, sme X 3 cgt, anqy mfnite sef wudd hae ‘
o dccmulaipn € amid MW%W\‘;@-W,»R of y n a s,(.,LU,

@ Toke Vy = N $(U;) open in Y Sina fite mfemection.

The £7°CV) = Ow;  whhow ench W, €U; and % € Wi

hmA'ManU;r “e/g{‘a:of

-7y -0nt

J \—-NJ . ————
2Tt ‘= - WNW, = WNN
e e W; di iomt 7 o bl ;w" Let A, w, S (RR R ]
R) ‘-(::‘:") ’/ Az.'= w,_ = ii‘]‘iv. = Wz 2
e A= W — W, NW ~ W NW,
Obwwsly A; ts digiont fpm

o¥ers and Open. But does i Contan X, 7
LetS just considr A, and Sey N®2. For X, h be tabn oat, i+ must be in W, (1W,

Thet means a Sei(z;)—»x,wad\z;ewz‘ Sna X,fsumﬁn‘vﬁn‘ w,,
all Z; fr i>M aw m Wi Then f,(2) —-y . But thn 'f;,;(-f.,‘a,)) =y
Thus what | called 'U:-' i» e poblm stxfemnr 3 tally A; \=D& sna X, # X,
Mage eV, = () F(A) mow. T don't cuse engmen.

DN Now let's discuss Lie Groups
O Ko quoup o o mendfeld in R” thit dbe Ras o quonp Suclie.

MM M) +he Ser of a nxn mainns,

I+ can be identrfod with K”"

all the elfc out in « lovg columa, Star oy with matnx Columa L.
But it & pot & goup because a madnX in M) coet mof nec hawe an /inverse.

Conside GL(n) ‘= 3«»«0. Livear, T80 - atl wetnlle g0 L (R"—R )

= det™(R-gos) s0 i & an open Subst of R and thes o mfd.
A€ Gl

2
Tavsgen'f Space T;(GLLM) =R




G&P ch LY 8/21 /2023
(2D

Now ut Pollw Avez DC .11 110 Special Livar Goup Sktn) v Unimodaler group n
Avez

% SLin):= zﬁgﬂ_,gﬂl det A =+1§ = de+"(i) Skl can mely A
] s ON: B:]—'

A —> det(A) o
@M have m‘l‘w\m& ALSED % R%NJ““'F-P,MSL‘.) s amfd,

T3 Means Show“a ‘D-F . Rn‘——7R is Onzb“b.ﬁ:)a"f S mt O)

A
we Amewy Awz ch i Reou Ao conpate DEMH) bat He estrblith Whet
“;'(hw?* ’ , we Mfa/M. Let m;ﬁéA '1
€) = f(eA) = t"1(A) smea def 5 a homegq PoYy
D i

s 2 = .
S' ::t fiﬁ(:)’) : D:::e}{;;w) = D‘F“(A?—w D‘?AU\) - nf(p) =n swee detA=d
RHS: 4o ¢ . W = DA #0C o D“-‘Mo:

=¢6Lu) is a mfd) A -F:R"—-*R fi-1) dims aw Sguashed
Thus @LU») =-r:l%5 714.5 dm 1‘7%- )
D> Now shw tamat spece T (Slm) whe T is idenfly meti, (K

we want 10 show (T (s % here s e Subsp o ()
Q( Lem) wmsewA has Tr(A) =0

/

" OE B ke TERED S ORI
W=

Considr the curve %: (—efs) ; '{;A R som AN

Since € -—%%A and we defa /1%1‘ ue have »yw.zesu,.)/ﬂﬂ
= s =
For all t, () Stags Sl(n) because of CAW,:DC Thms.5 det(e*)=€

so det () = det (%) = TR e _ pto. %=1,
For & mfd M) e Jons Hit" g.aal;‘.ﬂéiw. cuve 1 M

(o) = X

Now shour 'YA,(O) € N ‘ @ch Tha 5.6 7;“) = A‘{Au) So ’u‘ne ATA(Q) - /':\e_IN—
= T, (Skn) SN and TRy have He Seme din because dm(T,(sLuD) = dim( SLw)

= a—

But why is dim(N)=Nn"-17 . S5F b A n*-i
N = Snﬁmfn‘as with TRC(A) =05 at 2R evlrves of A ane arb, exapt main 4

di satis 3y =0 => O i o

\a% mus t {'B ﬁ = Ohe iﬂfgk_a‘:;

So ony n%( 9(“7\04’&/ M‘_ arb ej. 3dan

N=RY dm@)=n*1 o dim () = dim ( Ty (SLo) _and Tp(SLen)) SAF

'[_V T :$(T;(SLm)) ‘NJD




GeP ch .4 an Avez DC ¢.li3-IY 8/22/2023
H would be betierto have

D-Now va want 1o Consir the orthegunal grocy G [catw it oN. gnvp ]

0.6. goue Gtcn) := ngNau' Q'Q = Ig This 3 all matres Q! Rn_q’Rn
n*  That preserve dist; anu = XQ'Qx

We will Show (@) Ow) is subméd of R" a
(k) Owy & cpt  dm(6w) - n(new) ’ = XxTx
() Ow) has 2 conn com ponents Wxi,

Jubsp of Sbw-%a

dd ijm Spaw at lelm‘hﬁ T(&ﬂ)} = A= matntes 1 A4T= g
[Rf-mt- These alsy mm)-‘a_]

(@) Defoe £ Mew — St kL
A AT;Z Sy is e sabsp of att sgm matus A=A
e
Wil showr Otny s £ET) ane s & n ok foomum T = Rgider wlue of £
Fist, Show Sty 2 a Subsp, asd ¥ has dim n(nu)
Obvvusly (aA+g) = aAT+B" = AATB so subeyV
elfs above are 'Ftc—

To estableh dim, 0 bserve on{«, ‘Hw main divg m all ¢
the Pelow ores an/ tha de S Zi all Sbwuvs n? ;
Thus :126+n = n

$

L ¥ 4=\

4,-"
E: = & Z,, ﬂ ﬂ a= n(n-f)

For He dm of S'(n)'.

BM“\) Ve Must Show D‘F maps
Ont TpSd = Sty ¥ peF
Thet 1S any C € Stn) does

Figt ve must compule Dﬂ ‘
{tn = A'A

FOAH) - FOA) = (At (AH) ~ATA o
= AT(p) + HT(AH) -AA = PR T A0 A- K :
b0 S D‘P () = ATH +H™A  am Tha w wuat ATH +§TA =C g‘:é?'

Tak H=4AC = 1 (AAc + (Ac}"A) 1(Tc + CTATA) =C
I
So Df, maps Grh I(Sw) ond this @@ 7@ is 4 T
=|.n(n-)

Whet 3 dm(@an)" Hout Mang olmensivas ae Sﬁ(.a&hal" n —-.t’_C_') L

(b) T shew G ) 2 T, we Shew # 05 clsd and bdd :
Sme Q=T %‘; =1 ll'gjl =4 $‘§|<1 Frdl\‘auﬁrmk‘ﬁw

Ow) = (I) and s *”’5"’(’ n R’ﬁ'j)' Thas $18 B csd ,..-fa anf = § (:t)&da!.

cont'd —>

Thrs B ‘Ht dnm of A
h+ Zt = n+ nfn-1)
=/ 2
Thix “"Wl\berpfdu r =2n+n*-n
MOFR \.-.-n(rul!




G&P :'l; 4 o= Awz DC ¢.03-4¢ U9 q9/3/2023

© > consicko # £ Con Conganald 41 (G7Q) = der @

c $u .
G'(lﬁ {Q lQTQ Iz wa‘r defQ = i $@ej’Q)2=i 'icUQcii

For = cont Fen : J[Cunm) = Cana St
det 1S a Cont and et (Cm) = F-18 t/iis 2 djoms sefs, i connacted

Thas we see Ow) = et~ §-13) U det“(£13) Those must be dijont sets

i hggm & 56(n) g distngual tha
SO ~ kP mporent as SOcn) or the Rontin
oue (these ON. pays @ do M)
&Lie fo O AvzDC pud Mckies, only OF prkngy ARV,
aLe anti b +hia
Show L (Ow) = A whe A"=§ W?Aﬁm \Ar"/\ 2:::> :omms e
From didcussion fo pant @), n estavlil duA="‘;_") (TAx = XA x = XEAYY

= - xT A¥%

R e T (Om), we uutl Jaxwla@‘u;dmm%y

A ) s m«dﬁq%wm 1.

Chosse amy Ae , e wesk Ao /yaowo Ahat V)= € S comhuied M gm).
The means etA, gAY - (Ve - L. Qluniley, be Guy oo |
Ao Sormine NGxll = Dl VxR dasl; = ¥@Gx = b )
Chooos arh € R ”man.ﬁebA
we defme Fee> = L%, e*"‘x> = < Terx, Vx> = { Q% Qx> i gt R
@ F’le) =0 Hen ‘Fét):anﬂ = F(o) =<Ix,Ix>=|"'z s
ol (o
> / /
Fie) = {lox, Viasy +{wx, Vo> = aLww Ty
From (Awz DC_Thi 6.6 ) 7% = Ae*? Thus Fler= 247y, Ae x >
But Filt) =0 because Al=-A: & . % 1<Q“/ AQx)>
<QK’ AQ“) o m‘)‘tax = )("'Q'L?KQX = -X'Q (A’QX) = —<QX, A’Q¥> $<°"M'>=°

= Fw) = Fo)¥t "
Thus e Jumewr e"’ eOm YVt = TR s a camre N C)

Agam fom Awz TmS6  Y'0) = A =« AT - A
S50 AET(Bw) => A =T (6w)
Now we observe dim (.A)-_- nln-1) . dim Gty = dim TJ.:(Q“‘))

T - A7)




GEP chlY 9Y4q/223

bz oc 0.2 foow could e compete T (Bm) and 1 (SLtw). o o bese gt Hhet B 2 Z 7
L(R'>R) xR as before  For Ac Gl Gweribl) defre “lefys opontor *

bat &=l
we found L(SLan) = N = Toaee 0 T

i Medrires kc:;se ve choe A6 A ant e showd
‘T =E%" € Sy Ve [Jc'r e""=11

(2), "(’[g) = A GN Thia ~
| : (Sle)) <
Here he need ™ show: D qywy=T § chIﬂU }Zw&.li dvs

(1) For arb UESLID, | (ries) = (Lo 7)ee) € SLany = £

e C € Sbay ten darcost aa det (UC) =detU-detC = L4 = L A
e ane e Kniw oy =C e
So n ‘&d e han Lu‘SLu) \)-SL(A) L tneer Iso (
u/“\*‘m La(A*B} q~= u(A"B) :uA *us o LA —_ n ﬂcf, d“\%>
wt Lo (L ¢ Lylyod gy - A *iu: Lpaly ) = w'ua =A
U birer

@) (e = Dl (120) ‘=" UA € WD = [, (AT
3) (UJ"()UD = u.(’Yto)) = U.(I) = U

$ Thus we have T(SL(»)) < [_u(,N) and S /—a N an l‘so,fh dins e Sane.

So ke h‘*‘* eb“d;@.
T, (SLw) = Lu(—’VT)j |
D> Now show (T (@) = LAY | w0 A =foricory
ch , ¥ l )SO
% arb Q€OM) ogam | Ggo -->Sgo s a w(;&‘ﬁ.)
Chone AS A Hen e know 1) — et ¢ Om) (QRY6R = "qar - L/

M @Ne) = @-e? ¢ Gw
(2) @V® = DR(¥e) = QA € QLA = Lo(A)
@) (@) = Qe* - QT = Q > T(Om) = Lol(A)




