Avez DC chd C H{ Z/wr Ordar Den‘VtﬁVes) 12/23 /2023

Ch %! As befr, consitr £ zf"-—»p' tha OF : E—>F Bdd L ®
Thet s B Soy Df) € L(ESF) ame Df+ U —>T(E—F)

X —> D-f'( D
thn w'd hae 2
e ‘F € X(E ‘*X(E-vr)) ctnd X(E-vl’(e-’ﬁb = }(Exg—.}:’) :.so(d

Here e : -
is hat Cannsnical S - AEZ[E-"%F) Hhat moeps A: 3 a.bbw >CCE*F) i

50 va. S k .'N EF/Pm (O‘ULL

th# wnie AU\ k) ;= 4k Ak: E‘ﬁF Ima-r
A ExE ? ¥ A(h)
Procede. im ‘“C'h‘wlg--' fr #e fexy At.(h % :FI;U‘) el
Ac X[E ~>X( 1
Back v 2% denv: Fix he E  Defm EIE;{)} s ﬂ—*—*ﬁ(l\k) AU\HZ)
. B inear y Foor=Dhh) me b s ot s, fi7 [ e
We Leek a ﬂw«Lu Map A,‘(&) > ” F(mk) F(x) - A'S(k)” P
'. 'klt ak —> 00 as 'H%D
Fint e Dc § i
mo e Pl ge T I DR Al g
The conpite. D(PY). an o i ( )
- i D(F") cak) Acth k) i bilvaer, we name it sz Ch, k)
Py BF bery 6ot 016G s It =] 5% )

Ihll <8 -*-»)D&‘,.,.-Dﬂ e

'D{;ﬂ(') = DP() <A e D” ]Qc)' = suf‘QN'

ch¥.12 Calaulaty of DF,

Ai=
Fom ch L ¢.1-2 d'f’(xﬁf.)/ \L,’-To %(ﬂmth)*ﬁﬂ) g«? (‘,) -.-. Dﬁd{)
boo R Fon = DE,ch) T'Wf'“;:g;; o B
§(F). by = F(mb\ Dﬂmu.))\ e 5 .
Sin 5 ordsr doesnt mide
dS (M'F(,xftl\ +.s\<)‘ 3\ =D fx Us, D 22;22’?91;
See L0 Sheets lafer for an exampl of how Ha 3 used , M assocnted with She .’J"'.:Jju';
is C*®

-



Avez ch Y4 \/14/2024

G’Wl‘ 1 ) £i3 lincar ( Continucus i.e. Bdd LM) 'f B — F'
Py here 4
Thn, fon che, Df, = e § - JZ., mfm"x

D‘F =0 Vn=z2 'lm"fﬂldmfcmx
exampl 2
(examp ) £ s bifnear 7055, -
(xb Xy ) ——————p b(X.,x,) =i _B(X) dhue X= <%, %e>
Thn fom ch £ DBch) = bix,h) + b(h,x)
—— ?
Fio

To find DB, compuke’
F'E)Hl:) —F'\DQ = b(xtk, k) + b(h,, %, k) - [b(x.,b,) + b(\s.,x,)]

= b ok + blkyh) + BUa) + b, k) - bk - blhnte)
(oBan - btk ) + bth, k) )

We caw ne Ay iv Linent i k. No dependence on ¥, 2&
This shows biliesr b s C% smooth.

Het 3 anctherway: DB, (h) = b(x,h,) + bChiy*a )
Rt —

B as o G —
D.B=o) D-B-'OJ etecu

- - P G
h fived, o hae 2 liver maps ®» x : P = I":: b('a\"a)
Q < b(hl )

Then, Just like G x—>Llx am DL = Lk w,\uw DP(H «Pk * b(k, k)
DO, @)= =QL = b0"1;¢>

- e Ay o e Dame at) above.

= xTA7 f nxn Mmatnx A
o Th is a Scalar, So '+

I£ new b s Sam : bx,y) = by, x) = XTAy = )lTAX g s Own Tanspose
= (yfA,‘)T = ,‘TAT

= A= A" S¢m matX
Now Specinlize Buadu-h fen: yoy o b(_\gx? . XTAX

DF,(h) = 2x7Ah : :
SEhe) = blh b+ bhb) = 2bhh) = 2h7Ah @

se Df,0,)) =2A

Now ke could speciclize ® E - R" bx,




7/13/2022

AVCZ DC Chq @
Leté shao tha 2% deew calealaton & £+ R"— R {-sz doesn§ do his

Recall 1 .23 R "“28 a Df, = [Df DF Dfl 7 ?am“:rﬁn
L ‘fg "‘3 ft]

£ dfb = 4 Axfﬁ’-—'k ? furh) ~foo = Ah + eth) ? =
Tha 6 any basa wvecter 2 let h'*%’ /L'"“ "“[‘F(ﬂ‘“ ’ﬁ"] e lﬁoéyz—%) - hﬁ

J gve &
w2 g e Bnpiicha: (5545
f,(z3,2d = a?
Thus we fee Lof pf Dﬁ] = [é‘?ﬁ?iﬂ L A s um}u,:owmw""'“*-

DNON l"f-‘ appk ﬂfs ) 2" &'fiv P i
' U
Fix k=[§:] Let Pro =DRG) = [£o fio Qw][ = 2 h;Difw €K
h 3 oot 'K
R e Thas A p2—>R
x —> 3 h; Difw AR

k,
Ah,(k) = tatm a:(x) a:m]‘-ﬁ] = [D,F'En D,Foa Q,Fhw] \‘::Ak
k
k

h 1
d

= [D.(ZL;D:Fm) Dz(Zh‘D.’F> D“(ZL‘D‘?)M'
= [ih;D.D;‘F > DD ZhDf] Yﬂ

v i_‘h [DIDA“F D,;f Dabi{‘le-l - (L. [Du D, D,] + h,{ D2 Ds; Pu) * “:IDu%Da}H

. : Tl
s Lh b, b1\ Duf Df D“'? v = Df.(hk)
w:\ lﬂuspa hdm Dn? Dn{\ D& ; 5
of purimis? Usally o6 Daf Duf Dyf | k o

Prbles wien D{’- =D f

. and we'd
If e had f: R“——va) +hn Ttha calcalaton would apply T each compsrent 'FQ)

CﬂJ Uy Wl.‘f‘\ a Shuck Of m o'f +h =

Say nsz m=% .’[k. h, D"@ D,,#‘D k, ‘
d & 0. 0.0k ’
DS, GB =

B

g

P



1z/27/20283

A:g.z DC chY &

Thn (Schwgetz) D'F is Symmete  1F exists => D) =DECkh)
H s nt nc Br PaC? (Se&:mgts

Thos 75 = had and mcky Thm 1o prove. Avez gust gies o Tagmet of W pf LES w158 give
He whek asguned, bt Some details are Ve cﬂ\&:ﬂ; Richard Tapia : Appesdix £ 1 DiffReratintn in
Abstrack Spaces’ .17 gave +he cClearest agamﬂ docuamt),

o DXt o show D DRGhEY- DRG] < o E ® ¢ g:;‘sl
The only ‘ﬁwﬁ e have is: Gven E>0 3 8>0 > Isl<$§ =>|D£s+.s") -Dr.() - BiC,
To ger o @) we use te 2GR AfK) = Fohrk) —Focsh) = Foxe ) +60x) -
Note that ﬁ{’ s Stdm in hk ¢ ’ zh.hz = sAz:Dz\
® wot becona. | (RF (k) -0, th,) ~ (AF (5B o) € \A’@; \ .
we mast bound each of @ auu@. | ets St with (-

Stepl Defn tmek fon G, [o,1] —’i:' Subtr- & add
& t > foxtthek) ~Foxth) e
Obseow thet | A~ Dy | = | G0 ~Gpeod ~Bhathd| € 16,00-Gyor -G + \c-;;m-lfﬁu.,t)\

Whae G =F x4 he k) =Fexen)

Gn) =G’
Gt = fexsk) ~ Fex & .‘)‘" Galt) = Df__ (h) _D-wah(lv.)

/ s X+thtk
Gh(b) = D{‘Hk(h) K Dﬁ‘ (h)

Stee2 To work on Hh bounds ““‘ a definea  ggsiait

p 2 o 2
G'to - Dfithk) = [Df,’%m - Df_(h) -Dfw) +DFay + D, (h, th-th +k)]

= [Dﬁ“ “(:) - Dfh) - D"_r & bl [D‘f 4y -pf 2
bound +he . G D ot {b) = DE (b, h)
To bound this | o mcwu ltt'h“'kl s\l <8 F Jhl <18 ane ”‘I‘$8
?‘“a h also i e open slot 7"0-'\“36'{‘
| Df, 0 & = DF b ~TF, (hthet)| < €1 ehskllbl < g (1+l) M
| Df ey ~ DS - Df, (h,eh) | < elthllbl <& Clte kDM
he | ey~ O hChk)| 2 (lhl+]K)Ib
! -DFCh k)‘ < ae (WK bl
Step3  skp2 Tmmdnbly %m:.susz | G, al b : S ;
We can alse bound | Gt6) -Ged| €| G'te) -dE G| + \Gm-bﬁ(k,k)l < Ye(hiN
This will be used Frr with MVT ( R—>ngs)
Defme 9(e) i= B) ~Glort fr 0<t<l o e
?—m () =G ~G%o) geo>=Gw) 0% Gy )bl
3 16/ ()-62o| < ye(lhr
MVT = | qc -3(«»[ € 53-';4“33"( (1-0) = Sup |G (&

S | 60 -6 -Gen| < 4e (DI | £fahp-D50] < o (WM

4 eﬂ’ e —» l‘lead'sheef
 Step7, This is not cormet and reguits additnal agument on next pag




| 2/2 7/2023

% (ﬂm‘f")‘
Schuestz Tom_Dfy 1s Sym Ccont'd) e
we'd in fact get
g b for W v -?m later bnd

e
First nofe that whn vado an) , “
| € ce(Ik+h)CkI+E) T _
\ Az{;(k,"‘) - DZQCk,L>} < 68(““"’“")‘ ‘ > C glzh@
50 vally | FEth k) - Dk I\)‘ < 12€ (lhl+lkD provided |hl |k] < 1§
. x-N ¥ it
To prewnt h k fm depending on §, whith depends in €, fix 2 vechm h,k ( petentially lqjem‘.&).
b -leh £ % = ot emn]k¥ %

let l,::t-h-
k:=t[ : : : ->z
Then we haw | D'f, (¢F, ¢ - OF (¢F thy| <ue (lehl dekl) =126 e(thl+]kl
using bilimarty of D'f, 3 5 i
| DD -BEER)| < £ 1ze (k) [k

LHS bholds for €50 arb small | So we canclude Dz{,:dl,;) - S{;(I,I) (QED

- > For what coutd have been o Cown*br-gxa,mfah, | conSidered ﬂ-“f‘-’kzﬁk ghen below,
W know (Of MET VC ch2 sheet(19)) f C* at e x = 00 = fy0xy X ~4ug
But Rudn POMA pnb 7.37 gives a pathalogiel example where 2" partals not Cont
at Onam and '/;Jlo) # @x(o) [0’4%0):]

Thus Dz-F (L‘k) = [L' k'] £o107 -f;,u) h' would not be Sdm and thas
. 5.‘&-.(0) {ﬁln) 3 Contradrcts  thm,

The resoluton s 'le') while the matnx of partials exists [+ 3 not the Frecht denv,
which does not exist at 0.

2
{ = - xf; - (e # 0) This is C” Smeoth fir pts X ¥0
9 Note ! {is invarant under The Sam x,4) "i*(ﬁ,"%)
6 (x,y) =(90) and | discussed this v help with He
labor in My Math ety Sheats

foos O DE=DES  s~[
Bf, = STOLS




Avez DC cht \/14/ 024

ch 1.5 Genemlizm\% Schuwertz Thm

T B, is a sym o-live mep, e ttZ be any perm of 124,03

@"ﬂ(k.,,..,k,.) = DF,(he, ,hmD

¢ by mducton - skipped
ch 4o Calculotw of DF,

If we knmw e N Frecht dorv ex3ts, e can fnd i yalu by genenlzing te prodae

matmd bl B () = 5 ﬁﬁ(aofﬁt;ml

& u 4,50, €350, &, 50
Thn 4.3 Gatauz S'f; exists in opn nbhd of 3 SRS

Strx e L (E>F) V xell = f i3 cluss C"
X —> 8”{; is Cont Sn‘g = D"Fa
#f- Sbﬂ)e,l
ch 42 Rules i Calaulativn
JMMJMMWWMNC"MM@

(*) that 3 Ik a muliphzatfion

4.2.3. Leibni =ifs 2 Consider fon
eibniz bilinmr Pf“' rwle a:: bi::‘ln:‘r ;Peg;ﬂ\ its terms. See ch4d S

f*g £ 2 Fop b6 n chishd@ fag = bo >
A (%J%m)‘—'—* b‘-'ﬁ-“)&")) D(‘ga)x - Dbmnb’x%

Thm "; 3 of class cF =2 fxkg of class c*
« .k’ 3 o g WD+
(e can also mp(a.a_ C ba k~tmes difb - d )

. This @ =

5.:’5_1 “‘Eiumﬂlly obwus because p..% = b(5,3) o blrer b & =
nchd w Rund

+ fw wg,(k)

D(F*),») = b(DEG) gd) + b(fn, 03(W) = DEMJ :
i = JE = F,'.,‘,*Sm + fut GO

Th LHS £ is C.iSO D(f+®) s c°
We Con Continue i ,-jwf;a e
'] ¢
D(fap), k) = D( p#W)(K) = D(Feg + $+6")

= b(DFw, g) + b(F, 08a) +b(DE), 6") + b(%, 26:0)
. e <! @
M all S an ot least €° so D (A R C°) ) 'Fka s c*

‘ ond So orth e h«a}« derivatives ...
a

-



Avez DC ch ¢ \/ 4] Zo2y 4

_Ch 42.9 #IE/W‘ orde dervs of a podect,
MMW nesalls WMW dBcussdn, oo cl shall be een mow

R w
Consider $irs1 4‘3 PUSTIage - B = E— K wﬁwﬂlj% e
({J)(n) s Z (h) {(Hh) ) . can 8Jt . M 4

@)=f'g + 43"
(%)'9"3 ”3*43 45" = () (e ()

,(mu-

Defin  Sym Ath,.h) i= ZA(ka., ) avg o o gonw & o

So e Could wnte D({’*%) Sjm " Z L)b SK‘F Dg)l

42,5 Derivs of Composite MapS

m_ﬁ e->F56 }=.> ;gmwwc
f’J cla.sSC

ff by nduct — skappee

M Somu hemble Gm\u(a-s ka‘hj M‘d’l 6
’5‘??” S(sH) = sm[2 Z & o DD (P4, -89

F wl Carry out an eximsie diZassin of Dz(foj)' 2

=



